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SOME SINGULAR LIMIT LAMINATIONS OF EMBEDDED 
MINIMAL PLANAR DOMAINS 

JACOB BERNSTEIN 

Abstract. In this paper we give two examples of sequences of embedded 

minimal planar domains in R^ which converge to singular laminations of R"^ . 

In contrast with the situation for embedded minimal disks, these examples 

1—^ do not arise from complete embedded minimal planar domains and highlight 

^ some of the subtleties inherent in understanding refined properties of embedded 

' minimal planar domains. 

0^ 

w 1. Introduction 

'; In [5], T. H. Colding and W. P. Minicozzi prove a striking compactness result 

1-Ch for sequences of embedded minimal disks in M^. Specifically, they show that if E^ 

C^ is a sequence of embedded minimal disks with 95]^ C dBj^. and i?j — > oo then, up 

C to passing to a subsequence, the S^ converge to a smooth minimal lamination C of 

1—^ M.^. A lamination is a foliation which need not fill space and is minimal when each 

leaf is a minimal surface. The convergence is smooth away from a closed set S and 

K. if 5 7^ then £ consists of a foliation of M^ by parallel planes and and 5 is a single 

*-o Lipschitz curve transverse to the leaves of C. A consequence of the uniqueness of 

psj the helicoid-see [13]-is that the leaves of C are either planes or helicoids and if 

OO 5 7^ then it is a straight line orthogonal to the planes. If i?i — )■ i? < oo, much 

^^ wilder laminations (of Bji) may occur in the limit-see [H [71 [TSl [T51fTT| . 

t~^ Colding and Minicozzi extended their compactness theory to sequences of cm- 

^^ bedded minimal planar domains in [2]-recall a planar domain is a surface without 

I genus. Namely, if E^ is a sequence of embedded minimal planar domains with 

. . dTii C dBji- and i?^ — > oo then, up to passing to a subsequence, the T,i converge to 

^ a minimal lamination C Again the convergence is smooth away form a closed set 

S. If 5 7^ then £ consists of a lamination of M'^ by parallel planes. In contrast 

^ with the situation for disks, if 5 7^ then £ need not foliate M*^ and it is not 

Cu known whether the singular set, S, has any additional structure. Stronger results 

are obtained in |2j if the Ei are assumed to be simply-connected on a uniform scale. 

Let us illustrate some possible singular limit laminations-i.e. limits where iS 7^ 0- 

arising from complete embedded minimal planar domains. First of all, the homo- 

thetic blow-down of a catenoid converges with multiplicity two to a single plane so 

£ is a single plane and S consists of a single point. Degenerations and homothetic 

blow-downs of Riemann's family of minimal surfaces gives rise to a variety of limits. 

In all cases £ consists of a foliation of M.^ by parallel planes. However, depending 

on the choices S may be one of the following: two distinct lines orthogonal to the 
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leaves of £; a single line either making a positive angle with each leaf of C or con- 
tained in a single leaf; a periodic set of equally spaced points along a line contained 
in a single leaf of £; or a single point. It bears mentioning, that the case when 
S consists of two distinct lines can be distinguished from the other examples by 
the nature of the convergence of the sequence towards C. Specifically, in this case 
near a point of S the convergence is modeled on the helicoid i.e. away from S the 
Si look like the union of two multi-valued graphs spiraling together-while in the 
other examples the convergence near the singular set is modeled on the catenoid- 
i.e. away from S the S^ look like the union of single-valued graphs. In this paper 
we present two sequences of embedded minimal planar domains which converge 
to singular laminations that do not arise from complete embedded surfaces. They 
illustrate some of the difficulties one must overcome if one wishes to refine Colding 
and Minicozzi's work. 

Theorem 1.1. There is a sequence of minimal planar domains S^ with dYii C dBn^ 
where i?i — > oo so that 

(1) Yii converges in Cf^^{M.'^\S) to a foliation L o/M^ hy planes parallel to the 
x^-axis. Here S — S~ U 5"*" is the union of two distinct lines, S^ each 
parallel to the x^-axis and at distance 1 from it; 

(2) For e > 0, and i sufficiently large, S^ n B i^^\T^{S) consists of the union of 
single valued graphs over the plane {xs — 0}; 

(3) For R > 1, (5 > and points p^ € S^ n Bjj with S < \x3{pf) — X3{pY)\, p^ 
andp'l lie in the same connected component ofYji(^B2R and dist ^{pj ,p^) — > 
oo. That is the intrinsic distance between p~ and pf becomes unbounded. 

The sequence given by Theorem |1.1[ can be thought of heuristically as a family 
of parallel planes joined together by necks that are distributed in a "zig-zag" . We 
call the Ei a zig-zag sequence and refer to Figure [1] While the lamination, C and 
singular set S of Item (fTj) matches one of the examples arising from Riemann's 
family, the convergence structure of Item ^ disagrees substantially-specifically, 
near the singular set the surfaces Ei are modeled on the catenoid. Indeed, by 
|12) one expects that there is no sequence of complete embedded planar domains 
behaving like the zig-zag sequence. However, the zig-zag sequence appears to arise 
as the limit of a sequence to be complete immersed planar domains. These examples 
are discussed by F. J. Lopez, M. Ritore and F. Wei in 17 using the Weierstrass 
representation and may be thought of as a "twisted" version of Riemann's family. 
We point out that Item (Is]), implies that the chord arc bounds of fB]-which give a 
uniform relationship between intrinsic and extrinsic distance for embedded minimal 
disks-cannot hold for embedded minimal planar domains. 

A slight modification of the construction of the zig-zag sequence gives a sequence 
of embedded minimal planar domains converging to a multiplicity three plane: 

Theorem 1.2. There is a sequence of minimal planar domains E^ with dYii C 9i?fl. 
where i?i — > cx) so that 

(1) Ei converges in C^^{M?\S) to a lamination L consisting of a single plane 
{x3 ~ 0}. Here S consists of two distinct points in {x^ — 0}; 

(2) For e > 0, and i sufficiently large, 'E,i\T^{S) consists of the union of three 
single-valued graphs over {x^ = 0}. 

Roughly speaking, the sequence of Theorem [L2] looks like a fundamental piece of 
one of Riemann's examples with catenoidal ends glued onto each neck. Work of F. 
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FlGURE 1 . A schematic picture of an element of the zig-zag sequence 



J. Lopez and A. Ros [TH] imphes that such a procedure cannot produce a complete 
embedded surface. However, as with the zig-zag sequence, there is a family of 
complete immersed planar domains that appear to degenerate to a lamination as in 
Theorem |1.2[ The Weierstrass data for this family was considered by D. Hoffman 
and H. Karcher in Section 5 of [lOj . 

While the sequences of Theorems |1.1| and |1.2| can presumably be constructed 
from the families of [T7] and [TD! by rescalings and intersecting with large balls, 
we take a more variational approach. In particular, we construct our surfaces by 
using an existence result for unstable minimal annuli due to W. H. Meeks and B. 
White nW along with a reflection argument. The bulk of the argument is devoted to 
controlling the position of the neck of the annulus, which we accomplish by adapting 
an argument of M. Traizet [22]. We follow this approach for two reasons. First of 
all, we are interested in embedded surfaces-a delicate condition to check using the 
Weierstrass representation. More importantly, we believe that the techniques we 
employ may help in forming a better understanding of the possible structures of 
limit laminations and singular sets that arise from sequences of embedded minimal 
planar domains. 

2. Preliminaries 

Let a;i,a;2 and X3 be the standard coordinates on M'^ with 61,62 and 63 the 
associated orthonormal basis and £1,^2 and £3 the corresponding coordinate axes. 
The euclidean distance between two sets A,B cR^ is denoted by dist{A,B). We 
denote an open ball in M.^ of radius r and centered at p by Br{p) and by Tr{A) the 
tubular neighborhood of radius r of a set ^ C K'^. We will always consider a surface 
S C M'^ to be an a smooth open surface so that E is a surface with boundary of 
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class C'^. Given such E we let A be the second fundamental form of S and dist 
be the intrinsic distance function. 

When E is an oriented minimal surface and 7 an oriented closed curve in E we 
let J/ : 7 — >■ M"^ be the unit conormal to 7 and define the force vector r(7) by 



F(7):= i 



vds e M-". 
'7 

A consequence of Stokes' theorem and the minimality of E is that this vector 
depends only on [7] € iyi(E). When E is an annulus we define the force of E, F, 
to be F(7) where [7] generates 7Ji(E). 

We always take P = {x^ = 0} C M^ to be the a:i-a;2 plane and H = {xi > 0}nP 
an open half-plane. Let Re denote the map given by rotation about £2 by 9 

Re: M? -> R^ 

{xi^X2,X3) 1-^ (a;i COS0 + xs sin0, a;2, — xi sin0 + 2:3 COS0). 

We write He = Re{H) for the open half-plane obtained by rotating H around €2 
by 0. More generally, for a set fi C if denote by Vie = Re{^) C He- For fl C P a 
domain and u : Jl — >■ M a continuous function the graph of u is defined as 

r„:={(p,u(p)):per!}cM^ 

For < 6* < vr let W{e) be the component of M?\H^e U He containing (1, 0, 0). 
That is W{9) is an open wedge of angle 29 symmetric with respect to reflection 
through P. Consider the map 11 orthogonal projection onto P 

n : M? -^M? 

{xi,X2,X'i) H>(xi,X2,0). 

Proposition 2.1. Suppose that < 6* < | then 

(1) Ii{We) = H. 

(2) Forflc H one has Uifle) = Il{n^e)- 

(3) For n, n' C H,Qr\Q' = (!} if and only ifn{ne) n !!{%) = 0. 

Proof. For < 9 < |, < cos 9 which gives item (fTl). Similarly, item ^ fol- 
lows from cos9 — cos{—9). Finally, if p S il D il' and p — (xi,a;2,0) then 
q = {xi cos6',X2,0) G n(fie) n !!{%). Since cos 6* 7^ this verifies Item ^. D 

3. Unstable minimal annuli in wedges 

In [ini, Meeks and White use degree theory arguments and some special prop- 
erties of the Gauss map to understand the space of minimal annuli spanning a pair 
of convex planar curves. A consequence of their work is the following: 

Theorem 3.1. Let a^ , a^ C H be closed convex curves of class C^'" . 7/0 < 9 < ^ 
then aZe U a'^ bounds one of the following in W{9): 

(1) No minimal surface; 

(2) Exactly one minimal surface, E, which is a marginally stable annulus; 

(3) One strictly stable minimal annulus E5 and one index one minimal annulus 
E(7 and possibly other minimal surfaces. 

Proof. The theorem follows from Theorem 0.2 of |19j provided we verify that aZe 
and CTg are an extremal pair of curves. That is the union aZe U cr^ lies in the 
boundary of its convex hull. As W{9) is a convex domain and aZg U cr^ C dW{9) 
this is immediate. D 
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We consider now the following analogue of a problem studied by Traizet in [22] . 
Let Jl", i7+ C -ff be convex domains with dil^ — <j^ C H of class C^'" and 51^nil+ 
non-empty. For 9 sufficiently small the least area surface spanning aZg U ag is an 
annulus. Hence, by Theorem |3.f [ there is a unique unstable minimal annulus Eg 
with dT,g = aZg U cr^. We are interested in the behavior of Sg as ^- 0. The 
main result in this direction is modeled on an analogous result of Traizet [22 for 
sequences of unstable annuli bounded by convex planar curves in parallel planes 
collapsing towards each other. We note that Traizet considers also the behavior 
sequences with uniformly bounded genus. 

Theorem 3.2. Fix convex domains O", $7+ C H with dfl^ ^ a^ C H of class C^'" 
and fl^ n Q^ non-empty. With 9i > we suppose that T,i is an unstable minimal 
annulus with dUi — cr^g. U cr'^,. The sequence Y^ has the following behavior (after 
passing to a subsequence) as 0j — > 0; 



(1) Ei converges to Q U 51+ in the Hausdorff sense. 

(2) // Ui is the Radon measure on M.^ given by 



then 






Vi — > 87r(5p 



in the weak* sense. Here Sp is the Dirac measure concentrated at a point 
p G r2~ n 51+ which satisfies dist(p,^2) = dist(ri~ n ri+,^2)- 

(3) For each e > 0, T\B^{p) consists of two components E^ ''^ that converge in 
C\R^\B,{p))ton\B,ip). 

(4) There exists a sequence Ui —> oo so that if E,j — ai (Ej — p) + p then E^ 
converges in the sense of Items (IT]), ([2]) and ([3]) to the union of a half-plane 
H and a convex region Cl with -Di(p) d H HQ and dist(p, dH) = 1. 



Remark 3.3. By interior elliptic estimates, the E^ — > il^\B^{p) in Cj 



loc' 



The bulk of this article will consist in proving Theorem |3.2| We begin by not 



ing some useful properties of minimal annuli spanning curves a^g. We refer to 
Proposition 3 of |22j for corresponding results on minimal surfaces spanning a slab. 

Proposition 3.4. Fix convex domains 57~, J7+ C H with dft^ — cr^ C H of class 
C^'". If < 6 < ^ and Yi is a minimal annulus with 3E = a^g U cr^ then there is 
a constant C = C(f2~,0+) so the following holds: 

(1) j^ W < Svr; 

(2) E is embedded and for any ball Bj,{p) one has Area{Bj,(ji) H E) < 27rr^; 

(3) fl- n f}+ ^ 0; 

(4) Y(iW{9)nTce{n-UQ+); 

(5) // E is not a stable annulus and Dr{p) C fl" n J7+ for r > C9 then E n 
\i-\Dr{p))^%. _ 

(6) For generic p G il n 51+, 11 ^(p) n E consists of an even number of points. 

Proof. In general l-ffgj^l < l-ffg^l where iJgj^ is the geodesic curvature (with respect 
to the outward normal) of 9E as a curve in E while iJg^ is the geodesic curvature 
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'as ^ 2 / i/gj; = Stt. 



of dT, as a curve in M? . As 91] is a pair of planar convex curves |i?ax;| = i^gj; > 
and the Gauss-Bonnet formula and Gauss equation together imply 

l\A? = 2f H 

Js JdT, JdS 

This verifies Item (fTl). Item (pi) follows immediately from [5]. 

We next show Item ([3]). Our argument is a variation on j20j. Suppose that 
there were disjoint regions 51^, fl^ and a minimal annulus S with 9E = aZg U dg . 
Since both domains are disjoint and convex it is possible to pick a line i G P that 
separates il^ from fl^. Let £{9) be the line in P given by Il{Rg{£)) and let P-^ be 
the plane orthogonal to P containing i{6). We note that by Item (IT]) of Proposi tion 



2.1 



2.1 



that e{e) = e{-9). Moreover, as Tl{P-^) = £{9), Item ^ of Proposition 

implies that nZg,^g and P'^ are pair-wise disjoint. 

Consider S the reflection of S across the plane P. Thus, (9S — a-g' U a^g C 
dW{0). In particular, 9E n 5S C P^ and, by the convex huU property, E n P 7^ 
and EnPcSnEsoEnS^0. Now pick v a unit vector parallel to i{9) so that 
V • ei < 0. Set tt = t + iv the translate of E. For t > 0, W{9) C Vl^(6') -H iv and 
so 9Et n T4^(0) = for allt > 0. Pick io > so that Et^ is separated from E by a 
plane normal to v. There is then a ii with < ti < io so for i > fi E n Ef = 
while for t < ti E n Et 7^ 0. By the strict maximum principle E n E^j^ = and 
^ 9E n dJ^ti C P^. However, by the boundary maximum principle and the 
compactness of 9E n 9Etj there is an e > so n{p) ■ n{p) > — 1 + e for every 
p G 9E n 9Etj, here n and n are the outward normals of E and of Et^. This 
combined with the fact that for t < ti i9E n 9Et C P^ means that E and E are 
disjoint near 3EU9Et for t near ti. Thus, the maximum principle implies EnE^ = 
for t near ti a contradiction. 

We next verify Item (B taking 



C = 4 sup dist(p, £2) 
peo^un+ 



As sin 6* < 6* for 6* > 0, 



Sc||x3|<^sin0|c||x3|<^( 

In a similar vein, as 1 — cos6' < 9 for > 0, n(ri~gUi7g') C rcg(ri^Ufi+) and hence 
9E C Tcg{Vr~ U 17+). That is, if Cp is the circle of radius y centered at a point 
p ^ P then for each p £ P\Tce{^~ U 17+) there is a unit vector vif parallel to P so 
that Cp+tw n Tcg(ll^ U il+) = for t > 0. There is a piece of a catenoid Catp with 
dCatp = (Cp -I- f 6*63) U {Cp - f 6ie3). For p € P\Tc9i^^ U f7+) Catp n ^E = 
while for i large enough Catp-^-tw H E = 0. Thus, the maximum principal ensures 
EcTce(f7-Ul7+). 

Item ([5]) also holds with C as above. If Dr{q) C fi^ n il+ with r > C then 
Catg n E = and dCatq n 1^(6*) = 0. As Catq is disjoint from E there are distinct 
components, f/_ and [/+ of VF(6')\ (E U Catq) so that E C dU±. Moreover, a^g is 
not contractible in either [/_ or U+. Hence, as each region is mean convex in the 
sense of [H] there are embedded stable minimal annuli E-t C U± with 9E± = 9E. 



By Theorem 3.1 this occurs only if E = E_ = E_|_. 
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Item ^ follows for topological reasons. Let p be a point in Q^ n fl'^ so that 
n"^(p) meets S transversally. Denote by 7 the component of n"^(p) n W{0) with 
endpoints {p^} — H±g n 7. Connect p+ to p^ in M.^\W{6) to obtain a closed curve 
7 that is linked with both components of 91]. The linking number of dT, with 7 is 
zero and so 7 meets E an even number of times. D 

4. Neck placement 

We wish to understand the position and size of the "neck" of an unstable minimal 
annulus. In order to do so it will be convenient to know that certain minimal 
surfaces that arise as rescalings of minimal annuli as in Proposition |3.4| are flat. As 
the proof is somewhat technical, we defer it to the end of this section. 

Proposition 4.1. Let H^ and _ff+ he two open half-planes in P with V — H^OH'^ 
a non-empty cone in P. Set H^ = H^ + tea for t € [1, 00]; here H^ = 0. Suppose 
Y, is a minimal surface with 9S = dH^ U dH^ that satisfies, for C > 1, 

(1) /^ |Ap < Stt; 

(2) S is embedded and Area{Br{p) H S) < 27rr'^; 

(3) S\ [H- U H+) C Tct{H- U H+) n {0 < X3 < 0/ 

(4) Ifp&V and D+{p) = D2Ct{p) n V then n(E) n D+{p) ^ 0; 

(5) If t < 00 then Il~^(p) 12 is an even number of points for generic p G V. 

Then, up to a rotation ofR^, E = iJ" U H^^ or Y. ^ H^ U {P + Teg) where T > 0. 

We next introduce a definition allowing us to quantify the location and size of a 
neck: 

Definition 4.2. For a fixed C > and surface E we say that {p, s) G E x M+ is a 
C blow-up pair provided 

(1) Bcsip) n dY ^ d) 

(2) supB,,(,)nsl^P<4|A|2(p)=4s-2. 

Blow-up pairs can always be found when the curvature is large: 
Lemma 4.3. Fix C > and Suppose E is a compact surface in M"^ so that 

B^„(p)naE = 

and 

sup |A|2 > IQC^r^^. 

Then there is a point q and scale s > so that Bs{q) C Brg{p) and {q,s) is a C 
blow-up pair. 

The larger the constant C, the better E is modeled near the blow-up pair on a 
complete surface: 

Proposition 4.4. Given 1 > e > there is a C — C{e) > 100 such that ifT, is an 
oriented minimal surface and (p, s) is a C blow-up pair in E then 



(1) /B..(.)nEl^l'>8^ 



e. 



(2) //, in addition, E is embedded and j„ \A\'^ < Stt then Jr,„ , > y, \A\ < j^ 
and if U is a component 0/ -Bioos(p)\E then Vol{U) > s^ . 
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Proof. Let us prove Item (fll). We proceed by contradiction and so fix an 1 > e > 0. 
Suppose that S^ was a sequence of counter-examples. By translating and scaling 
we may assume that (0, 1) are Ci blow-up pairs in E^ with Ci — >■ oo and so that 
Ib ns 1^1^ < Stt — e. As Ci — >■ oo, up to passing to a subsequence the Si converge 
smoothly on compact subsets of M'^-possibly with multiplicity-to a complete proper 
orientable minimal surface E with G E satisfying |A|(0) = 1 and /^^ \A\'^ < Stt — e. 
The total curvature bound implies that the Gauss map of E misses an open set of 
S^ and so E is a plane, contradicting the curvature lower bound at 0. 

Item (pi) follows in a similar manner. One needs two facts: First, the only non- 
flat embedded minimal surface of total curvature Sir is the catenoid. Second if Cat 
is a vertical catenoid centered at and normalized so that sup^^^ |A| < 4 then a 
point p' £ Cat with |A|(p') = 1 satisfies p' e Bio{0). Straightforward calculations 
give Jq^ , ,-)p,p^( 1^1 < jq and that any component U of BioQs{p')\Cat satisfies 

Voi{u) >\. a 

When the angle is small enough there is always a blow-up pair: 

Proposition 4.5. Fix C > and convex domains fl^ C H so that (951* = ct* are 
C^'" curves. There is a 9q — Oq{C, il^, 57^) such that any unstable minimal annulus 
E with 9E — a^g U a^ and < < ^q contains a C blow-up pair {p, s) in Y}. 

Proof. We proceed by contradiction. Let 0i — >■ and E,; unstable minimal annuli 
with 9Ei = CT^g. U (t|. and so that each E^ contains no C blow-up pair. By Lemma 
this occurs only if sup^ (p)(-,s^ \Ai\'^ < 16C^r^^ when Br{p) n 9Ei = 0. That 



4.3 



IS, 

(4.1) \A^f{p) < 16C2dist(p,9E,)-'. 

Let Pi G Ei be a point of maximum curvature of E^, i.e. 

A, = sup|A,| = \A,\{p,). 

Si 

Such a point exists since dT,i is of class C^ . Now consider the surface 

Ei = Ai(Ei - Pi) 
so e Ei, supj, \Ai\ < 1 and |^i|(0) — 1. By passing to a subsequence, the uniform 
curvature estimate implies that E converges smoothly to a surface E which is a 



smooth non-compact minimal surface with boundary. By (4.1), the boundary is 

non-empty. Indeed, as 9Ei is obtained from fixed closed C^ curves by limits of 

rigid motions and homothetic blow-ups, i9E is either one or t wo disjoint lines. 

We claim this is impossible. Indeed, by Proposition 



3.4 



E satisfies all of the 

conditions of Proposition pLlj and so is flat, contradicting the curvature lower bound 
at 0. D 

Away from a blow-up pair our annuli are graphs: 

Proposition 4.6. There exists a C > so: Suppose that 57* C H are fixed 
convex domains with 9i7* — cr* of class C^'". // E is a minimal annulus with 
9E — aZg U a'^ for Q < 9 < ^ and (p, s) is a C blow-up pair in E then there are 
functions u± > defined on ^^.g '■= ^±g\Bcs{p±e) so that the following holds 

(1) |Vu±|<^ 

(2) i?±e(r^„±) = s±cE 
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(3) s < CaO for some Co = Ca{n-,n+). 
Here p±g is the nearest point to p in H±g. 

Proof. Let e > be a small-as yet unspecified-constant and use it to choose C > 



100 as in Proposition 4.4 Denote by E* the components of S\i?cs(p) with a^g C 



9E^. Item (fTl) of Proposition 3.4 and Proposition 4.4 imply that J^± \A\'^ < e. It 
foUows from the estimate of Choi and Schoen [Ij and boundary regularity estimates 
that, provided e is small enough, S* satisfies the point-wise curvature estimate 

one 



4.4 



|^P(<z) < Ciedist{q,p)~^. Combining this with Item ^ of Proposition 

has Jg-^± \A\ < j^. In particular, by Proposition 1.3 of 3J, both S* are graphical. 

By shrinking e and increasing C one can ensure Item M holds. 

Item (Is]) follows by noting that one component of U of i3ioos(p)\S satisfiess U C 
{\x3\ < C26'} where C2 = C2{n-,n+). In particular, Vol{U) < lOO^Trs^Cae* Hence, 



the estimate follows from Item (pi) of Proposition 4.4 by taking Co = 100^7rC2. □ 



Proof, (of Proposition 4.1 ). Wc first note that there is an i? > so that (possibly 
after a small rotation offfi^) each component S^, . . . , E*^ of S\n~^(I?i^) is a (multi- 
valued) graph over V^'\Dfi where V^ C P\ {0} is an open cone. When i < 00 this 
follows directly from Item ( [l|), the estimate of Choi and Schoen [1] and Item (Isl). 
When i = 00 one can't use^3| to conclude the uniqueness of tangent cones at 00 
of E and instead must use Proposition 1.3 of [3]- The fact that E has boundary 
does not cause issues as 9E consists of a pair of lines so one may Schwarz reflect 
and obtain the needed point-wise estimates up to 9E. By Item (|3|, the rotation is 
unnecessary if t < c» or if one of the E^ has a plane as its tangent cone at infinity. 

We claim that 1 < fc < 2 and that we may label the components E' so that E~ is 
a single- valued graph over H~\Dii with 9E~ C dH^ . Further, if t < 00 then k — 2 
and E"*" is a single-valued graph over H~^\Dfi with (9E+ C dH^ while if i = 00 
and fc = 2 then E+ is a single- valued graph over P\Dji with 9E+ C Il^^{dD]i). 
Finally, the small rotation is only needed if fc = 1; indeed if fc = 2 then the tangent 
cone at infinity to E is contained in P. 

If i < 00 then. Item ([3]) and the fact that y is a non-empty open cone implies 
P\H~^ U H+ is a non-empty cone in P. Moreover, as no initial rotation was needed, 
E C Tct{H-\JH+). In particular, each ¥( C Tct{H-VJH+) and so no E* is multi- 
valued. By Schwarz reflecting over the lines making up part of 9E* we see that 
each E' is a subset of either a single valued graph over P\Dji or is part of the 
middle sheet of a 3- valued graph over P\Dpj. In either case, each E* has a unique 
tangent plane at infinity-necessarily parallel to P. As a consequence, the area 
upper bound on E given by Item (fTl) and Item (tsl) imply that fc = 2 and that 
V\Dr C rct(n(Ei) n n(E2)). The two components E^ and E^ are both single 
valued graphs so our claim will be verified provided dH~ cannot be connected to 
dH^ in either E^ or E^. To that end let aj. = Il-^{dDr) D E' for r > R. For r 
large enough, n(o-;) n V 7^ and n(cr;) C Tct{H- U H+). Further, if a} connects 
_ff~ to H^ then cr+ also connects H^ to H^ . Hence, there is a point p <=z V 
so that H(cr^ '^ (^r) — P which contradicts Item (pi). We label the components so 
as- C dH' and 9E+ C dH+ . 

When t = 00, none of the E* is multi- valued. Indeed, as (9E C P and E is 
embedded, any component E' with H(E*) = P\I?_r would either be single-valued 
or would spiral infinitely-the latter situation is ruled out by Item (pi). Hence we 
may label the E* so that SE^ c OR- while 5E* c n-^{dDji) for i > 2. If E^ is 
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the only component then plane barriers imply that, after a rotation, S = iJ_. As 
already noted, when fc > 1 the initial small rotation is unnecessary. In particular, 
by Item (Is]) P is the tangent cone at infinity of each of the T,^ iov i — 2, . . . ,k. A 
consequence of this, Item (Is]) and Item Q is that H^ is the tangent cone at infinity 
of E^ when k > 1. Hence, by Item (pi) fc = 2 and there are two components which 
we label S~ and S"*". 

We may assume that S^ and E+ are connected in E as otherwise using planes 
as barriers implies that E^ = H^ and E+ = H^ or E+ = P + Te^ and we would 
be done. As dT,~ is a subset of a line, Schwarz reflection gives a single valued 
graph r~ = r„- over P\Dji. When t < oo one obtains in the same manner a 
single valued graph r+ = r„+ over P\Z?fl. that contains E+. When t = oo, E+ 
is already such a graph and we write E+ = r^+. As E~ C {{x^l < T} for some 
T <twe have T" C {l^al < 2r}, and analogously, r+ C {|x3| < 2t}. As each r± 
contains line segments over H^\Dii and the u^ are asymptotically harmonic (see 
[21) ') the functions u± have the following asymptotic expansion. 



± 



(4.2) u±(x) = (5±±A±^^+g±(x) + 0(| 



X 



where here S^ — while (5+ — t, v* is the outward normal to H^ in P, A* > 
and Q^ is a homogenous harmonic function of order n < —2. Similarly, as E+ is 
disjoint from P, v~^ has the expansion 

«+(x)=Ai+log|x| + 0(l) 

where /i+ > 0. As E is connected A~ > 0. Indeed, if A^ =0 then by Item (Is]) 
Q^ = and so H^ is one component of E. 

We finish the proof by considering force balancing. For each r > i? let a^ be the 
component of Il^^{dDr) E^ so that da^ C dH^ . Denote by L^ the bounded 
component of dH^\da^ and by a^ = a^ \J L^ so [a^] generates iJi(E^). If v^ is 



the conormal to &^ then we compute using (4.2 1 that 



/ ly = -2rv +0{r 

J a^ 



On the other hand. 



where a_,/3_ > 0. This second computation uses ( |4.2[ ) and the fact that the 
conormal of E along dH~ is normal to dH^ and, by Item (pi, must point out of 
{xs > 0}. The force of E^ satisfies. 



z/_ = 2rv +a V - /3 63 + 0(r '-) 



•J a^ 



If i = 00 the force of E"*" is z^+ea which is orthogonal to v_. This is impossible as 
a~ > and E is connected. If i < 00 the force F+ of E+ may be computed it the 
same manner as for F~ and balancing implies: 

0=/ !/++/ i^" =a_v_ +a+v+ + (,3+-/3_)e3 + 0(r~i). 

As v± -63 = and a* > this can occur only when v+ = — v^ which is inconsistent 
with H^ n H^ containing a non-empty cone. D 
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5. Harmonic Rescaling 

Following Traizet we consider the harmonic rescalings of minimal graphs. We 
begin with some facts about Green's functions. Recall that for a given (possibly 
unbounded) domain ft in M^ with 90 7^ of class C^'" we may define the Green's 
function of Q with pole at p G 51 to be the unique function G{x]p) so that 

(1) G(.;p)eC-(f7\M)ncO(n\M); 

(2) G{x;p) = -^\og \x-p\+R{x;p) where i? € C°{^x ft); 

(3) AG{-;p)=Omn\{p}; 

(4) G{-;p)\gn = and if fl is unbounded lim^^^co G{-;p) = 0. 

The uniqueness of G follows from the maximum principle which also ensures that 
G{-;p) > on ri\{p}. The function R{x;p) is the regular part of G and can be 
checked to be a smooth harmonic function in both x and p. We set R{x) = -^R{x] x) 
a function in C°°{^) also known as the Robins function of Q,. For later reference we 
give the Robin's function when O = {x : (x — xq) • v > 0), |v| = 1} is a half-space 

(5.1) i?(x) = -^log(2v(x-xo)). 

ZTT 

We then have a general approximation result for very flat minimal graphs: 

Theorem 5.1. Fix Qi d P a sequence of bounded convex domains with dQi — Ui 
each of class G^'°' . Suppose in addition there is a, possibly unbounded, convex 
domain 17 with non-empty boundary so that fli -^ fl ^ $ in the following sense: 

(1) ili — > fl m the Hausdorjf sense 

(2) (Ti — > (T = dCl in Ci^^{P) and with multiplicity one. 

If there is a sequence of points pi G fli, radii r^ > and functions Ui > so that: 

(1) DrM)^^^; 

(2) Pi — > p G il and ri — > 0; 

(3) u, e C^{n^\DrAPt)) n C^in^XDr^ipt)) with u^>0 on n^ and 

(4) u,^OznG^^{n\{p}). 

(5) Si = Ftj. is a minimal annulus. 

then there is a sequence of Xi > with A^ — > and functions v^ so that 

(1) V, e G^{n,\Dr^pi)) n C^{Tli\DrXp^)) 

(2) v,^_OinC^^(V\{p}). 

(3) On fl\Dr-{p) one has 

Ui{x) = XiG{x:p) + AjWj(x) 

where here G is Green's function of Q, with pole at p. 

(4) The flux Fi of E^ has the asymptotic form 

F, - -A,e3 - A^ {diR{p)ei + d2R{,p)e2) + o{\l) 
where here R is the Robin's function offl. 

Proof. We first prove the existence of the values Xi and the functions Vi using the 
Harnack inequality. To that end, fix a point q € fl\{p}. By throwing out a finite 
number of elements in the sequence we may assume that q e Q.i\Dri{pi) for all i. 
Set ^Ji^ = u.,{q) > and Kj = f7\ [Tg. (dn) U Bg. {p)) n Dr. . Here we choose Sj -^ 
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and Rj — > oo so that each Kj is a compact annulus containing q, Kj C -ft^j+i and 

Fix e > 0, as f^i ^- rj in the HausdorfF sense and 17^ is convex, for each Kj there 
is an ij so that for i > ij one has Kj C fli and dist{Kj, dil,i) > ^5j. Furthermore, 
as M, ^ in C^,{n\ {p}) 

(5.2) sup|u,;| + |Vui| < e. 

In particular, when i > ij, Ui solves a uniformly elliptic equation on Kj. Hence, the 
Harnack inequality (Chapter 8 of [S]) gives a constant C = Cj > with Cj+i > Cj 
so that for i > ij: 

(5.3) sup|ui| < CjHi 

By applying the maximum principle to the component of Qi\Kj with boundary 
dili U dKj and noting that w = on dfli one obtains, for i > ij, the estimate: 

(5.4) sup Ui < Cj^i. 



Plane barriers, (5.4) and the boundary maximum principle imply that for i > i 



(5.5) sup|Vui| < Cifii. 



Hence, interior gradient estimates and (5.4) give a constant C > so for i> ij: 

(5.6) _ sup |Vu,| < CCjSj-^fj.^. 

In particular, for i > ij sufficiently large, the Ui satisfy a uniformly elliptic equation 
on n\D2S ■ Thus, Schauder estimates give a constant C so that 

(5.7) _ sup \u,\+SJ\Vu,\+5^\V^u,\<CCJ^li. 

On the other hand, interior estimates give constants C{k,j) so that on Kj 

WutWc < C{k,j)ni. 

Hence, if we set Ui = fi~ Ui then by the Arzela-Ascoli theorem one has (up to 
passing to a subsequence) that Ui converges in C'j^^{^\{p}) n C^[^\Ds^{p)) to a 
function u which vanishes on d^ and has u{q) = 1. As iV-u^l — ?> in C'^^{Vl\ {p}) n 
C^{Q\Ds^ {p)) one has u harmonic on Vt\ {p}. It follows from the Harnack inequality 
and the nature of the convergence that -u > in ri\ {p}. Moreover, 

sup |u| < CCi. 

In addition, if 17 is unbounded by using barriers arising from Riemann's minimal 
surfaces we have that lim^_>.o 'u(a;) ~ 0. Indeed, let /ij = supg^ r -. \ui\ so that 

the Harnack inequality gives jli < C^i for some uniform constant C > 1. Fix 
a 2/ S dVt and let Hy be the half-space so that il C Hy and y € dHy. Such a 
half-space exists as Vl is convex. By considering an appropriate piece of one of 
Riemann's examples it is possible to find a sequence of minimal graphs Wi over 
Hy\Ds^(p) so that Wiix) = C' pLiGy(x;p) + fj,i'Wi{x) where here Gy is the Green's 
function of Hy, Wi — on dHy and lima;_j.oo w{x) = 0. Moreover, w^ — ^ uniformly 
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on compact subsets of Hy\Ds^{p) and C" satisfies C"infg£)j (p) Gy{x;p) > C. For 
i large, Wi > Ui on dDs^{p), and so Wi > Ui by the maximum principle. Hence, 
C'Gy{x;p) > u{x) for all x. It follows that u = XG for some A > where G is the 
Green's function of fl with pole at p. Hence, we set Xi = jjLiX and vi = jf: — G. 

We must also verify the asymptotic expansion for the force vector. To that end 
we fix a r > and take i large enough so that Dnipi) C Dr{p) C ^i. We let 
7[ be the image of dDr{p) in E^. Clearly, [7^] generates Hi{T,i). We normalize 
I'i : 7,[ — 7> E^ the conormal to 7^ in S^ so the vector field H^i^i points out of Dr{p)- 
If we introduce polar coordinates (p, 6) centered at p and write u for m.j then 

((1 + ^) COS0 + upif sinfl, (1 + ^) sine - Up^ cos^, Wp) 

v/l + lVz^P 
= 7'(cos 6*, sin 6',Mp) 

+ ^(("^ - ^iVup) cose + Mp— sine, (("f - -^iVup) sine - Up— cose,0) + 0(|Vu|3) 

where dsi is the length element. As Ui — X^G + XiVi and Vi — o(l) on dD,.{p), 

¥, = -A,e3 + X^rT ((^- ^iVCHcose + Gp^ sine") ei 
+ f (^ - J iVGp) sine - Gp— cos e) 63) de + oiXf) 



To proceed further we write out an expansion for G about p: 

G{r,9) = log r + ao +air cose + 6irsine + 0{r'^). 

2tt 



One computes. 




r2 


-~ -a?(l-cos2e) + -6^(1 + cos 2e)-2ai6i sin 2e- 




WCl^ — 1 n , rci" 1 /i,"infl 1 (On"; 




V Lt — .-, ^ ^ cii COS p -[- ci siii (7 ^ lyi 1 ) 


and 






— Gn = aisine+ — 6iCose + 0(l). 

r znr irr 



Plugging this into the formula above we obtain: 

F, = -AjGa + A,2 (-aiei - 6162) + O(rA^) + o(A^) 
= -A^eg - A,2 (aiei + 6162) + o(A^) 

where the second asymptotic equality follows as we may take r = r^ — > as i — >■ 00. 
The proof is concluded by noting that ai — diR{p) and &i = d2R{p)- 

D 

6. Concluding the Proof 
We are now in a position to prove Theorem |3.2[ 
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Proof. Pick C as in Proposition |4.6| and a se quence Ci > C with Ct 
this Ci and fi^ pick 



as in Proposition 



4.5 



oo. Using 
Up to passing to a subsequence, we 
have that 9i < 9i and so are able to find (pi, si) each a Ci blow-up pairs in S^. We 
also take p^ — > p e fi^ n U,+ and Si — >■ 0. 



By Proposition |3.4| S^ converges to J7^ n il+ in the HausdorfF sense. Further- 
more, by Item M of Proposition 3.4 and Proposition 



in the weak* sense. Finally, Proposition 

i:,\BcsAPi) = Sr U S+ where E=^ = R 
Nufl < ^ 



4.6 



4.4 



SirSr, 



one has i^e^ -^ ^nup 

gives uf defined on ^2^. so that 

±ei(rip„^). Notice that on f2g. one has 

± 



while \uf\ < Co9i for Co = Co(rj j^^)- In particular, uf satisfies a 
uniformly elliptic equation on ^^g. and tends to zero as i — > oo point-wise. Hence, 



for any e > 0, ^f\B,{p) converges in C^{m.^\B,{p)) to f^^ n n+\B,{p). 

Thus, Items (II]) , ^ and (Is]) will be verified provided we can show that p satisfies 
dist(p, £2) == dist(fi^ n fi+, ^2)- To that end we first show that p ^ fi^nri+. Indeed, 

applied to u^ and a rotation by ztdi gives: 



ii p efl n r2+ then Theorem 



5.1 



(6.1) F^ 



cos a, 


^sin( 



I sin 6i 



/ 


"0" 



COS^i 


\ 


27r 



T(A, 



±^2 



diR^ip) 

d2R^{p) 





-oiixtr) 



As Si is connected the forces F^ must balance-that is Fj 
F,^ • 63 = F,^ • 63 so, as sin6'i — o(l). 



F^. In particular. 



In particular, A^ 
O{0,). Hence, F" 



27rA7 

--K 

■ei 



-\2\ 



o{{X-) 



27rA7 



-o((a: 



+ n2n 



f o((A- )2). Item ([3]) of Proposition 
F+ • ei and sin^j ~ Oi + o{6f) give 

2^9, + 0{el) = -27^9, + 0{9l). 



4.6 



implies that A,- 



As 9i> Q this is impossible so p ^ fi^ n fi^ . 

Set di = d\st{pi,dT,i) and d~^ = dist(pi, cr~^) so di = min{(i~,d^} and d^ — > 
because p ^ 0~ n rj+. Up to a passing to a subsequence and reflecting across P, 
we may take d^ > d^ > and -i = /i^ > where Hi ^ fi E [0, 1]. Consider 

now E^ = ('^i'^)^^ (^i*^ ^P)- As d^ — > we have that E~ tends to a half-plane 
i?^ C P that contains and has dist(0,9i7^) = 1. Similarly, if d^ — >■ then T,f 
converges to a half-plane iJ+ C P while if df -^ d^ > then S^ converges to Cl'^ 



a bounded convex domain containing Di{0). In either case. Theorem 5.1 applies 



and allows us to compute the force of T,f to be as in (6.1). However, in order to 
balance dfF^ — d^F^ , equivalently, F+ = fJ-iF^ ■ 
The third component of the force is balanced when 

27rA^ cos 9i 



27r^jAj cos6'i -|-^io((Aj Y 



o((A 



+ \2n 



As fj,i > 0, this implies that if we write Aj = Aj then A^ = /i^A^ + fiio{Xf). By 
considering the second component of the forces, 

-A*- A292i?+(0) - ^i,\f^2R-iO) + ^i^o{Xf). 

As /ij > 0; this occurs only when 

(6.2) -nd2R+{0) = d2R-{0). 
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Similarly, as /i^ > the first component of the force is balanced when 

X,{2name,- n,X,diR+{0)) ^ X^ {~2nsme^ + X^diR^{0)+) + o(A,6',) + o{Xf}. 
In particular, one has Oi — jXi + o(Aj) with 7 < oo and 
(6.3) 47r7 = ^9ii?+(0)+9ii?"(0). 

For R, the Robin's function of the half-space p G {x : (y — yo) • v > 0, |v| = 1}, 

1 



(6.4) 

where here L 



\{p ~ yo) ■ v|. Suppose that /x = 0. In this case, it follows from 



( |6^ , Q and Q with p^O that H- = {y: {y - y^) ■ v- > 0} where v" = ei 
and yQ = — ei. This implies that TpQ~ is parallel to £2 and since fJ^ is convex 
separates fl^ from £2- Hence, dist(p, £2) — dist(ri~,^2) = dist(r2^ nri+,^2) as 
claimed. Suppose now that fi > 0. In this case we have that d^ — > and so 
we consider G H"^ = {y : (y-yj) • v='= > O}. As dist(0, 9iJ='=) = 1 we have 
yj = -v± and L± = 1. It follows from ^^, ^^ and ^^ that 

(6.5) v^ + ^v'' 



^ 



477761. 
. On the other hand, if v" 



then 



By Item (|3| of Proposition 3.4 

(6.5) implies that v* — ei and hence p is as claimed. Thus, we may assume that 
dH~'r)dH~^ consists of a single point Q and that /x < 1. As (v^+/iv+)-(v~— /iv+) = 
1 — /i^, it follows from (6.5) and fi < 1 that 2v^-ei = ^^' + inj > 0. Furthermore, 
(6.5) and /i < 1 imply that v^ • 62 < v+ • 62. As G H^ n i/+, this together 
with V" • e" > imply that G H^ n H+ C {xi > xi{Q)}. As fl~ n Q+ is 
convex, this implies that TpH." U Tpr2+ separates il^ n il+ from i'2 and hence 
dist(p, £2) = dist(ri^ n ri"*") as claimed. 



Item (H follows by taking ai = d^ 



a 



7. Constructions 



Let us construct the sequences of Theorems |1.1| and L2 We begin with the 
zig-zag sequence. 

Proof. Fix pq = (10,0,0) G il so D^ipo) C H. We take flo = ^5(^0) n {xi > 10} 
the half-disk. By "rounding off the corners" of Hq we may obtain a domain f] with 
the following properties 

(1) 9f7 is of class C°° 

(2) il is symmetric with respect to reflection across £1 

(3) n C ilo and iloXfl C Di(pi) U £'1(^2) where pi = (10,5,0) and p2 = 
(10,-5,0). 

(4) dn n {xi = 10} = L where L is the line segment {(10, t, 0) : -4 < t < 4}. 

Set Q.'^ = Rg{fl) and fig = i?_e(^)- For 9 small the area minimizing surface 

dn+ u dn-„ 



3.1 



there is a unique 



spannmg a\!,g U Ollg is an annulus. Hence, by Theorem 
embedded unstable minimal annulus Hg with dUg — dflg U dflg . The uniqueness 
of Sg symmetry of dT,g with respect to the plane {x2 = 0} imply that Eg is also 
symmetric with respect to this plane 

Consider the surface Sj obtained by extending T,g by Schwarz reflecting it across 
Lg and across L-g. That is, T,g\T,e consists of two copies of Tig obtained by rotating 
by 180° around Lg and L_g. If we let P^ = {xi = 15} then dTg lies on one side of 
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P^ and so by the convex hull property so does Eg. P^ = {xi = 5} is obtained from 
P^ by rotating around either Lg or L_e and so S^ lies in the slab S between P^ 
and P^. As S'\ (7?e U iJ_e) consists of three distinct components, there are three 
components of Eg\ {Hg U H_g) each a copy of Eg. Hence, Eg is embedded. The 
reflection procedure can be iterated and so produce an embedded minimal planar 
domain Eg° lying in S and so that 5E^ n Il-^{Di{po)) = 0. 



By Theorem 3.2 there exist 0i — >■ so T^g. converges to fi in the Hausdorff 
sense. Moreover, Item ^ of Theorem 3.2 and the symmetry of Eg. imply that the 



curvature concentrates at po- Let a^ be the sequence given by Item Q of Theorem 
and let Ej = ai(Eg° — po) n Ba^ so 9Ei C Bat- If S"^ are the lines through 



3.2 



(±1,0,0) perpendicular to P, then Item ^ Theorem 3.2 and the symmetry 
across L±g imply that E^ converge, in Cfj,^(K'^\5), to a foliation, C, of K^ by planes 
parallel to P. Here S = S~ U 5+. Indeed, for e > and i sufhciently large each 
component of Ei\Te(iS) is a graph over P. 

Finally, fix i? > 1 and ^ > S > and suppose p^ e E^ n Bji satisfy \x3{pf) — 
X3{p^)\ > d. Let E,* be the component of E^ n B2r\Ts/4{S) containing p- . For 
i large enough each of these components are graphs, in particular we can sense 
of a component lying between E^ and E^. As E~^ converge to subsets of planes 
parallel to P, T,f meets both components of Tg/2{S and indeed this is true for 
each component F between E~ and E^. Hence, p^ can be connected in B2R E^. 
As \xz{p^) — 2^3(^7)1 -^ '^' '^'-"^ each n there is an i so that there are at least n 
components between E~ and E^ . If F is one of these components and 7 a curve 
connecting p^ to pf in E^ the 7 must connect each component of Tg^iS) in F. In 
particular, 7 has length at least n/2. D 



A slight modification of the above construction gives Theorem 1.2 



Proof. We begin by taking $1+ — fl where Q is defined in the proof of Theorem |l.l[ 
Un' C P is the domain obtained by reflecting V. across L then we set il^ = fl' +2ei. 
In particular, dist(J7~ n fl~^,i2) = dist(po,^2) and I?2(po) C 51~. For 6 sufficiently 
small the least area surface spanning cr^g — dfl^g is a stable minimal annulus. 
Hence, by Theorem |3. 1| there is a unique unstable embedded minimal annulus, T,g 
with dT,g = daZg U cr^ which is symmetric with respect to the plane {x2 = 0}. We 
let Eg be the surface obtained extending Eg by Schwarz reflecting across Lg. As 
Hg separates Eg into two components, each a copy of Eg, Eg is embedded. Notice 
that for e smafl enough, H-^(Di(po)) n 5Ej 



By Item (fTl) of Theorem 3.2 there exist 6*^ — > so T,g. converges to n~ U fl+ in 
the Hausdorff sense. Moreover, Item (pi) of Theorem 3.2 and the symmetry of Eg 



imply that the curvature concentrates at pq. Let a^ be the sequence given by Item 
^ of Theorem [3^ and let E, = ai(Eg° -po)nB„^ so (9E, C B^^. If j5± = (±1,0,0) 
then Item ([3]) of 'i neorem 3.2 and the symmetries of E^ imply that E^ converges to 



^\ {P^ , P^} in Cf„c(l^'A {P- . P+}) with muhiplicity three. D 
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